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A regular set for a design D is a set Q of points such that only the identity automorphism of 
D ties the set Q. It is shown that if D is the classical unital U(q) or the Ree unital M(q) 
where q 3 3 then D has regular sets. 
Let G be a permutation group on a finite set Q, where ISr( = n. A natural 
action of G on the (52) is thus defined, and thereby an action on SZtk) 
the set of ail subse k, for every k s n. The nc?ure of the orbits of a 
permutation group in this action, and the inter-relationship amongst he orbits on 
subsets of different sixes, have been studied by many authors. In particular, the 
existence of orbits of maximal length, I&;], has provided some insight into the 
nature of this action. Aside from the symmetric and alternating groups, which 
never have such orbits for n 2 3 or 4 respectively, these regular orbits, 
corresponding to regular representations of G, were recently shown in [I] and [2], 
to usdally occur when 6’ is p itive and does not contain Alt( ). There is thus 
only a finite set of primitive groups G # t(Q) that do not have any regular 
orbits. The question of the dete ination of this set thus s, along with the 
examination of the values of k 
Such an analysis is aided by using a geometry or in 
tie 
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other recent results concerning regular orbits for permutation groups and 
incidence structures occur in [5, 10, 13 and 151, and there is a general survey in 
PI . 
A unitary block design, or unital, with parameter q is a 2 - (q3 + 1, q + 1,l) 
design, i.e., an incidence structure of points P and blocks B such that 
I= q3 + 1, each block is incident with q + 1 points, and any pair of distinct 
points are together on a unique block.. From this we obtain the number of blocks 
b to be q4 - q3 + q2 and the number r of blocks through a point to be q2. The 
classical unital U(q) is defined for any prime power q 3 2 to be the design of 
ts and non-absolute lines of a unitary polarity of the projective plane 
perties of U(q) and Aut(U(q)) are to be found in [ 121 or 161, for 
example. In particular, it is shown in [12] that Aut(U(q)) = PI’LJ(3, q2). Notice 
that for q = 2, U(2) is the affine plane of order 3, and there is no regular set at all 
in this case. Aut(U(q)) is 2-transitive on points of U(q). 
The other class of unitals with 2-transitive automorphism groups is the class of 
ee unitals RU(q), q = 3” re n is odd, associated with the simple Ree groups 
(4): see [4, 11, 7 or 141. ere, if R = R(q) then the points of the design ar 
taken to be the Sylow 3-subgroups of R, the blocks to be the involutions of 
and incidence defined by B E N,(P). All the necessary properties of RU(q) 
are derived in [ 111, apart the action of the outer automorphism of R(q) on 
esign. This latter action can be deduced from [14] and [7], for example. 
d permutation groups, 
elandt [ 171 in general, 
latter where if G 6 Sym(S2) and A s Sz, then G(,,) denotes the set 
, Gtnl the point stabilizer, and G&) the representation of Cl,;) on 
As before, A is a regular set for G if G{,,) = 1. If IAl = k, then A is a regular 
om generally well known properties of U(q) and R?_/(q) that can be 
ed above, we will also need the following result 
erived from a lemma in [lo]: 
Unitary designs with regular sets of points 237 
and SE= U {a}. For each a EM\{& l}, let 
a)+, d- a-l, (l- a--‘)-‘}, and let C(a) = UaEA C(a) 
) = (a, a-‘, 1 - a, (I- 
show that there must 
exist an element a in K for which IS(a)1 = fin, as long as 4 > 11, and 4 # 16. For 
we may take Q = {a~,& l), since G is 3-transitive on C& and we let H = CIA). If g 
defined by g:x*x 1 -x, for each 
, h) ‘y Sym(3). ), the centre of 
and if a is any element of \ (0, l}, then S(a) is clearly the orbit of a under 
der L. Thus IS(a)1 = 6n if an acts 
can then be shown that a can o be 
to satisfy this, the possible divisors 2 or 3 of .‘z 
requiring slightly different arguments, and the exceptions fcr 4 arising naturally in 
this way. 
In Theorems 1 and 2 below we show that the classical and e unitals have 
regular S-sets if 4 3 3. 
. Let U(q) denote the classical (Hermitian) unital of q3 + 1 points, 
where q is a prime power 23. Then U(q) has regzdar S-sets ,or all q 2 3. 
The classical unital U(q) consists of the absolute points and the non- 
absolute lines of a unita 
Aut( U(q)) = PIU(3, q2& < us, ICI = (q3 + 1jq3(q2 - 1)2n, where 
q =p”. F,st b be a block of U(q). . Let 1 be the 
non-absolute line containing b and let R = 
U(q). If we write F = PIL(3, 
by the Result of Section 2, the 
of 6, (r{I)){n).P = 1 on 1, and hence also on b. Thus also (G&)(nj,p = 1 on 6. 
ose the S-set in U(q) as follows: let A be any 3-set of points on a block 
I” as defined above; let P be the point determined above, and let 
e a set of two points of U(q) sell 
fkes A and d and hence 
identity on b (and on I). 
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For q = 2, U(2) = AG(2,3) and 6 = Aut(U(2)) = AGL(2,3). Since (z) < [Gl, 
there can be no regular sets. 
This completes the pronf of Theorem 1. Cl 
Let RU(q) denote the Ree unital on q = 3” points, where n is odd ~4. 
) has regular S-sets for all n 3; 1. 
. Let (q) denote the simple Ree group of order (q3 + l)q3(q - 1). 
men Aut(R) =R( a), where (a) = C, :sAut(GF(q)) (see Ree [14]). That 
Aut(RU(q)) u= R( a) is well known: see [7, “r’r or 141. Thus if G = kt(RU(q)), 
)G I= (q3 + 1 jq3(q - 1)n. It follows also (from Ltineburg [ 111, for example) that if 
block of RU(q), then G&j = PCL(2, q) = PSL(2, q) ( a), where ( a) = 
q)). I& action of the outer automorphism (Jof R(q) on points of RW(q) 
ing to its action on blocks, i.e., if u fixes a block 6, then o fixes precisely 
four points of 6, corresponding to ‘%o U GF(3)“, Now choose a set A of three 
points on a block 6 such that 6 is a tied block of o and n is a set of three of the 
fixed points of CT on this block. Let H = GTbI. Then N = PXL(2, q) s PPL(2, q), 
so by the Result Section 2, as long a: q > 16 (i.e., n 3 3 for q = 3”, n odd), we 
can find a point of 6 such that H{,,),P = 1 on 6. 
Now choose the S-set A* in RU(q) as follows: A* = A U A, where A is as 
chosen above and d = {A, B} is a set of two points A and B such that A, B $6 
and such that if bl is the block containing A and B, 6 n bl = D. Let g E Gin*). 
en g fixes A and A, and hence 6 and bI, and hence also 6 n bl = D. Thus g is 
identity on 6. Let g = hd, where h E R(q) and 8 E (a). By our choice of A, 8 
fixes A poin 
of 6, since ;, 
SO that h =g8” ill also Ex A pointwise and hence every point 
{b) = PSL(2,q). ence also 8 fixes every point of 6, and thus 
6 = 1 on RU(q j by what we have already said of the action of Q on the points of 
So g = h is an involution in RU(q) by [ll]. ut g also fixes br and the 
of bI. Since bI has q + 1 points, g must fix an her point of bl , which is a 
contradiction by [ll] (since the fixed points of an involution in R(q) are exactly 
t(RU(3)), so we may 
s on a block 6, Let be the other point on 6 
er (i) an involution permuting A and 
s two points of bI and permutes the 
that an involution of R(qj fixes 
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(1) configuration of the points 0 gular S-set A* in both the classical 
and t e unital has the form: A* - where IAl = 3, IAl = 2, A is inside a 
block but no other set of three points fro * are together or; a block. 
(2) Five is not necessarily a minimu r the size of regular sets for these 
designs, although it is for U(3). r RU(3) there are also regular (Q-sets. In 
general, neither will of course have regular 2-sets, it is also not hard to show 
that U(g) does not have regular 3-sets for any 4. observation on the size of 
regular sets raises the general question of th istence of regular k-sets implying 
the existence of k + I-sets, for k s [s IsZl]. s does not always hold, but the 
exceptions eem to be classifiable: some results om these connections appear in 
[16]. We comment here that regular 6-sets can be obtaine (4) using much 
the same type of argument as that given in Theorem 1 abowre. 
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